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The investigations herein contained are indirectly connected with some results in an 
earlier memoir. # In that memoir functions called quotient-derivatives are obtained 
in the form of certain combinations of differential coefficients of a quantity y dependent 
on a single independent variable x ; and they are there shown to possess the property 
of invariance for isolated homographic transformations of the dependent and the inde- 
pendent variables. It is evident, however, from their form that they do not constitute 
the complete aggregate of irreducible invariants for the case of a single independent 
variable ; and the deduction of this aggregate and an investigation of the relation in 
which they stand to a particular class of reciprocals were made in a subsequent 
paper.t The present memoir is a continuation of the theory of functional invariants, 
the invariants herein considered being constituted by combinations of the differential 
coefficients of a function of more than one independent variable which are such that, 
when the independent variables are transformed, each combination is reproduced save 
as to a factor depending on the transformations to which the variables are subjected. 
The transformations, in the case of which any detailed results are given, are of the 
general homographic type ; and the investigations are limited to invariantive deriva- 
tives of a function of two independent variables only, a limitation introduced partly 
for the sake of conciseness. The characteristic properties, such as the symmetry of 
the invariants and the forms of the simultaneous linear partial differential equations 
satisfied by them, can in the case of more than two independent variables be inferred 
from the properties actually given ; but many of the deductions made are necessarily 
proper to functions of only two independent variables. 

In the matter of notation it is convenient here to state that the independent 
variables are denoted by x and y, and the dependent variable by z. The general 
differential coefficient d m + n z/dx m dy n is represented by z m> n ; but frequently the following 
modifications for the notation of particular coefficients are made, viz. : 

j9, q replace z 1Q9 z 0l : 

r 9 S 9 t replace &>0' ^yv* ^02 * 

(X, Oy C, CL . . . £ 3 q, ^u #22, Zq% I 

e > J> 9> h, % . . . %>, 2 31 , % 2 » ^13> Z 04i • 

■* " Invariants, Covariants, and Quotient-Derivatives associated with Linear Differential Equations," 
6 Phil. Trans./ A, 1888, pp. 377-489. 

t "Homographic Invariants and Quotient-Derivatives," 'Mess, of Math./ vol. 17 (1888), pp. 154-192. 
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72 MR. A. R. FORSYTH OIST A CLASS OF FUNCTIONAL INVARIANTS. 

respectively. The transformed independent variables are denoted by X and Y ; and 
quantities bearing to them the same relation as the foregoing bear to x and y are 
denoted by Z Mifit P, Q, . . . . And in three different instances it has been necessary, 
for the sake of uniformity of notation for similar successions of quantities, to use 
different symbols for the same quantity occurring in different successions ; these are 
u* = K (§§ -3, 12), u s = - A l (§§ 12, 13), un - A 3 (§§ 16, 17). 

The general results of the memoir may be stated as follows : — 

Every invariant is explicitly free from the variables themselves, viz., the dependent 
and the two [rn\ independent variables ; it is homogeneous in the differential coefficients 
of the dependent variable ; it is of uniform grade in differentiations with regard to 
each of the dependent variables, and it is either symmetric or skew symmetric with 
regard to such differentiations. 

It satisfies six [m 3 + m] linear partial differential equations, all of the first order, of 
which four \wF\ are characteristic equations and determine the form of the invariant, 
and the remaining two [m] are index equations and are identically satisfied when the 
form is known and the index is derived by inspection from the form. 

Every invariant involves the two [m] differential coefficients of the first order. 

The following results relative to irreducible invariants derived from a single 
dependent variable z are given : — The invariants can be ranged in sets, each set being 
proper * to a particular rank. There is no invariant proper to the rank 1 ; there is 
one proper to the rank 2 ; there are three invariants proper to the rank 3 ; and, 
for a value of n greater than 3, there are n + 1 invariants proper to the rank n, which 
can be chosen so as to be linear in the differential coefficients of order n. Every 
invariant can be expressed in terms of these irreducible invariants ; and the expres- 
sion involves invariants of rank no higher than the order of the highest differential 
coefficient which occurs in that invariant. 

In the case of irreducible invariants, involving differential coefficients of two 
dependent variables, it is shown that there is a single one proper to the rank 1, and 
that there are four proper to the rank 2. 

Some eductive operators are given ; and in one case the educts are discussed so as 
to select those of the invariants thus obtained which are evidently reducible. Some 
general results analogous to reversor operations are derived. 

Finally, it is shown how the theory of binary forms can be partly connected with 
the theory of functional invariants ; for functional invariants are expressible in terms 
of the simultaneous concomitants of a certain set of quantities, viewed as binary 
quantics of successive orders in q and — p as variables. 

[Note added December 5, 1888. t — The invariants in the present memoir are distinct 

* An invariant is said to be proper to the rank n when the highest differential coefficient of z 
occurring in it is of order n. 

t This addition is dne to a desire which has been expressed that some indication should be given of 
the difference between the functions considered in the present memoir and invariantive functions of 
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in character from the differential invariants of M. Halphen and the ternary recipro- 
cals of Mr. Elliott. 

The earliest record of M. Halphen's investigations is his well-known thesis, * 
wherein he considers the invariance of a differential equation f(x > y, y\ y", . . . ) = 0, 
when the single independent variable x and the single dependent variable y are 
(p. 20, loc. cit.) subjected to the transformation 

X Y 1 



ax + by -j- c afx + Vy + d a"x + b"y + c" 

The only reference in the thesis to the case of three variables is (p. 60) in the 
concluding paragraph, where it is said that the theory can be extended to the case of 
one dependent variable z and two dependent variables x and y, the transformation 
suggested, but not explicitly stated, being 

X Y Z 1 



ax + /3y + yz + 8 afx + /3'y + </z + 8' a"x + fif'y + </'z + 8" a!"x + fS"'y + i"z + 8"' 

M. Halphen, again, t considers differential invariants, in which the last trans- 
formation is effected on functions of the three variables ; but in this investigation 
y and z are taken to be two dependent variables of the single independent variable x. 

Mr. Elliott's theory J of ternary reciprocants is closely connected with the con- 
cluding paragraph of M. Halphen's thesis ; the functions are invariantive for inter- 
changes of z, x, y, where z is a variable dependent on x and y ; and the pure reciprocants 
are invariantive for the above-suggested transformations. 

The theory in this memoir deals almost entirely with the case of three variables, 
z, x, y, where z is a dependent variable, and x and y are independent variables. The 
transformations, through which the iu variance is maintained, refer to the independent 
variables only ; they are — 

x y 1 



«! + &X + 7 2 Y « 2 + /3 3 X + 7 3 Y a s + /3 3 X + 7s Y 

The dependent variable is left untransformed ; it does not enter into the equations of 
transformation. 

It follows, from the difference between the transformation in the theory here 

other classes, such as the differential invariants of M. Halphen and the ternary reciprocants of Mr. 
Elliott. 

* ' Snr-les Invariants Different! els,' Paris, 1878. 

t " Sur les Invariants DiJferentiels des Courbes gauches," ' Journ. de l'E cole Pol ytechnique/ vol. 28> 
1880, pp. 1-102. 

J "On Ternary and ^-ary Reciprocants," ' London Math. Soc. Proc.' vol. 17 (1886), pp. 171-196; 
"On the Linear Partial Differential Equations satisfied by pure Ternary Reciprocants," ibid., vol. 18 
(1887), pp. 142-164; "On pure Ternary Reciprocants and Functions allied to them," ibid,, vol, 19 
(1888), pp. 6-23. 
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exposed in which the dependent variable does not enter into the equations of trans- 
formation, and the transformations above indicated in which the occurrence of the 
dependent variable in the equations of transformation is essential, that different 
results will be obtained. Two examples will suffice. First, a comparison of the 
characteristic equations of Elliott's reciprocants and of those characteristic of the 
present functional invariants may be made from the forms expressed in the notations 
of this memoir : — - 



Annihilators of Elliott's reciprocants. 

r) r) P) 7) r\ 



ds 



dt 



db 



dd 



3 . ,3 

3c 



o 8 = *^+2*9; + d5: + 2c Tt +3c^ : + •• 



3 
35 



3 

da 



Ex 



r\ r) r) r) 

va oo oc od 



Eo = 



% 



1 or os ot 

da do oc od 



v,= 



^1+^4+^+^i 



Vo 



Srs 5- + (rt + 2s 2 ) ^ + 3st^- 
oa v ■oo oc 



3 



Annihilators of Invariants in. this memoir. 



A 



4 



3 

dq 



3 
3s 



3 . ., 3 . . 3 



3 
dt 



4- a ^ 4- 2b 7T 4- 3c ^-,+ . . . 

oo oc od 



A. 



^dp +t fs + 2S ^ 



o — - 



O- 



+ 3st «— + . i . 

da 



+ 8 * 2 iM + --- 



A- 



k 2 



p\ p\ p\ 

+ d ;r + 2c ~ r + 36 ~- + . . . 
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P) r) r) 

or os ot 

r) r) r) r\ 

+ 6a ^- + 56 ^r + 4c ^- + 3^ ^" 7 + • • • 

oa 00 og od 



3 
dq 

+ 2r ^ + 3s^~\-U 



3\ + p ;r + 

dp 



dr l "" 3s ' " w 3£ 
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+ 3a 3a+ 46 35 +5c 3" c +6 ^^+--- 



/ 3 3\ 



3 3 3 

+ 2[t*-+2s^ + 3r .- ) + . . . 

1 dc 35 da; 



7) r)\ 



+ 2 t r k +2 °k + * t L) + -~ 
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Second, as an inference from the equations Q l = 0, O s = 0, in Elliott's theory, it 
follows that all pure reciprocants are invariants of the binary quantics (r, s, t\£, t?) 2 , 
(a, b, c, d\ £, ?))*, . . . — but all invariants are not reciprocants — and that there are no 
covariants among these reciprocants. From the equations A 4 = 0, A 3 = 0, in the 
present theory it follows that all the functional invariants are algebraical covariants 
of the binary quantics (r, s, t\q, — p) 2 , (a, 6, c, d\q, — p) 3 , . . . — but not all alge- 
braical covariants are functional invariants ; and, from the other equations, that no 
algebraical invariants of these quantics are functional invariants. In particular, 
rt — s 2 is a reciprocant, but not a functional invariant ; q 2 r — 2pqs + pH is a functional 
invariant, but not a reciproeant.] 

Isolated Transformations. 

1. We may briefly consider functions which are invariantive for merely isolated 
changes of the independent variables, that is, for changes which are effected by one 
relation between x and X only, and one relation between y and Y only. For such 
transformations we have 

p ^i^ n — n^L Q o _ ^ 

r - p dX' H - q dY' ^~~ S dXdY' 

so that s ~ pq is an absolute invariant. Again, 

8 dx d d dy 3 



3X dXdx 9 dY~dYdy 9 

so that \jp djdx and 1/q djdy are absolute invariantive operators, which, when applied 
to absolute invariants, w 7 ili produce absolute invariants. We therefore have the 

series 

1 $■(-)■ l i(-) ; 

p dx \pq) q dy \pql 

1 s\*± (ijLlQ\± Y-— ~— "\ s Ai\ 3 _i 

j) dx) pq \p dx q dy) pq \q dy p dx) pq \q dy) pq ' 

and so on. The operators 1/p d/dx and 1/q djdy may be applied, any number of times 
in any order, to the absolute invariant s/pq (or any other invariant which is absolute), 
and the result will be an absolute invariant. , 

These invariants possess their property for any general isolated transformations of x 
and y ; but, if special isolated transformations are effected on x and on y 9 e.g., the 
homographic transformations of the form 

aX + b «'Y + V 



X ~~ cX+ d 9 V ~ e'Y + d' 

L 2 



3 
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additional invariants will be introduced. For instance, we then have 

A („\ ^30^10 2^30 r> / \ fogroi ¥^02 

no %l 

both absolute invariants ; in the former the variation of y 9 and in the latter the 
variation of x, do not come into consideration. From these we can derive a series of 
educts by the application of combinations of the absolute invariantive operators 

1/p d/dx and 1/q d/dy. When any such educt is invariantive, say 

(1 d ^ m 

Am = \p ~dx) A ®> 

we may obtain from it other invariants by taking as the function, the differential 
coefficients of which are to enter, not z, but any educt which is an absolute invariant. 
All such invariants, however, thus obtained are expressible in terms of the educts 
obtained from A. (z) and B (z) by repeated application of 1/p d/dx and 1/q d/dy in all 
possible combinations. Thus, it is easy to verify that if I be any absolute invariant, 
and I}, I 2 , I 3 its first, second, and third educts due to successive operations on 
I by 1/p d/dx, the equation 

J\ \L) T 4 T 3 

is satisfied ; and the law is general. 

2. Nor is it necessary to consider in any detail functions of the differential coeffi- 
cients of z, which are invariantive for isolated transformation of the dependent 
variable ; that is, for a transformation which connects z with a new variable £, 
without regard to the dependent variables. Such a transformation can be effected by 
means of an equation, 

and we then have 



dz c d. 



% — r fcOl ,75* ? %0 """ £io 



vZ 



Since dz/dt, is determinate from the transforming equation, it follows that 



% 

^10 



is an absolute invariant for the transformations at present uhder consideration. 
Moreover, in the present case d/dx and d/dy are absolute invariantive operators ; and 
therefore 

dx m dif \z m 
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will, for all values of m and n, be an absolute invariant. Thus, taking in succession 
m zzz 1 and n = 0, and m = and w = 1, we have 

^1 0^11 " %% ) J % % '""" %% 1 

^10 no 

the former of which, multiplied by z m /z lQ &nd subtracted from, the latter, gives 

%L ^20 "" ^%L%0% + g lp' % 
2 3 

no 

as an absolute invariant, or £ 10 2 2 20 — - 2% z 10 % + 1O 3 % as a relative invariant, for the 
present transformation. 

General Transformation. 

3. We now proceed to the consideration of functions which are invariantive for the 
general simultaneous homographic transformation of the independent variables repre- 
sented by 

x ' y 1 

^ + /pT+ 7l Y — ^+& x + 73 Y ~ ^7+^3^+ 7s Y ' 

As it will be convenient to have some one invariant at least, a relative invariant for 
these transformations can be obtained as follows. An integral relation given by 

a + bx + cy u 



a! + Vx + c!y v 

reproduces itself in form when the independent variables are subjected to the above 
transformation ; and the differential equation which is the equivalent of this integral 
relation will, therefore, also reproduce itself, and so will furnish an invariant. 
Now, both u and v satisfy the three equations 

83 A d * A ^ A 



dx 2 • ' dxdy ' 3 dy 

and therefore, substituting vz as the value of u in these, we have 

= z 20 v + 2« 10 v 10 , 
= z 02 v + 2s 01 %. 
The elimination of v, v. 10 , v 01 between these leads to the result 



n 
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%05 22 10 , 



Z U> %l> 



z 



10 



2; 



02? 



0, 



2s, 



01 



— 2 (% 2 20 2^ 10 %^ n + £ 10 %) ; 



and, therefore, 



^0 — % %0 ^10% ^11 I ^10 ^02 ™ (%)> %> ^02X^01 j 



%) 3 



is an invariant. 

The integral of a partial differential equation of the second order, which is most 
general so far as concerns the number of arbitrary constants, contains five such 
independent arbitrary constants ; and, therefore, a general integral of 



A = 



is 



z 



a + hx ~f- cy 
a! + Vx + c'v 



It has already appeared that A is an invariant for arbitrary change of z; and 
therefore, an immediate corollary is that 



Z = < M^ 






where </> is arbitrary, is a general integral of the equation A = 0. 

4. As an invariant is self-reproductive after transformations have been effected, save 
as to a factor, it is necessary to obtain the form of this factor. For this purpose it 
will be sufficient to consider a simple case. 

Let z 1 and z 2 be two functions, and suppose the transformations of the variables to 
be any whatever, say of the form 



a? = <£(X, Y), y = xfi(XY). 



Then we have 



Pi 



dx dy 



Po = 



2 



and therefore 






Pi, Qi 

i 23 ^2 



Q 



2 



9# dy 

p *dx + ^9x 5 

dx 9y . 

•^ 2 8Y ^ 2 3Y ? 



Pi> ?i 

JP25 % 



9 fo y) 

3 (X, Y) 



Hence, in the present case, the factor is 9 (x, y)/d (X, Y) = J ; and, by the analogy of 
all invariants, the factor for any one will be some power of J. 

The invariants at present under consideration may, therefore, be defined as 
follows :— 
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A function <j> of the partial differential coefficients of z with regard to x and to y is 
called an invariant if when the independent variables are changed to X and Y and the 
same function <!> of the new variables is formed, the equation 

$ = J m (f> 

is satisfied, ivhere 

d (x, y) 



J = 



3 (X, Y) 



5. The following properties of irreducible invariants are easily obtained :< — 

(i.) An invariant does not contain the dependent variable, nor either of the 

independent variables, 
(ii.) An invariant is homogeneous in the differential coefficients, 
(iii.) An invariant is of uniform grade,* equal to its index m, in differentiation 
with regard to x; and of uniform grade, also equal to its index m, in 
differentiation with regard to y. 
(iv.) An invariant is either symmetric or skew symmetric in differentiation with 
regard to the independent variables. 
All these properties hold of A . the index of which is easily seen to be 2 ; it is a 
symmetric invariant, that is, it is unchanged if x and y be interchanged. 

The index of a symmetric invariant is an even integer ; the index of a skew 
symmetric invariant is an odd integer. 

These properties hold for functions which are invariants for any general transforma- 
tion, and not merely for the homographic transformations to be adopted ; but the 
forms of possible functions, as well as the value of J, will be determined by the 
character of the transformation. And, in particular, for the homographic transforma- 
tion it is easy to prove that 



7i> 72> 7s 



(a 3 + /3 3 X + 73Y) 3 . 



6. The method adopted for the determination of the forms of invariants will be to 
obtain the partial differential equations satisfied by them ; these equations can be ob- 
tained, as in a similar case,t by using the principle of complete infinitesimal variation. 
For this purpose it will be necessary to have the formulae expressing the relations 
between differential coefficients of z when the variables are transformed. This relation 
is given in the following proposition, the transformations being supposed any whatever. 
The special application to the homographic transformation will afterwards be made. 

* The grade of a term is the sum of the orders of differentiation with regard to one variable of the 
factors ; thus, the x- grade of A is 2 ; the y -grade is 2. 

t "Homographic Invariants and Quotient-Derivatives," ' Mess, of Math.,' vol. 17 (1888), pp. 154-192, 
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Let z = 6 (x, y), and let the variables be transformed by the equations 

x=c[>(X,Y), .y = ^(X,Y). 

Let 

<f> = (j) (X + p. Y + or) — X, 

'SP = */f (X + p, Y + <?") ~~ ?/> 

so that $ and ^ vanish with p and cr. Then, by the generalised form of Taylor's 

Theorem, 

1 d n + n z 

m I % ! 3X m 9Y" 

is the coefficient of p m a n in the expansion in ascending powers of 

0{<f>(X + P% T+o-), ^(X + p, Y+a-)} 
= $ (as + *, y + ^), 

where p and cr occur only in 3> and M*. Now, 

and therefore 

1 3 m + ^ . . 1 3» / + B '# ^ , , ,* 

m ! * ! 3X- 3Y» ~ JZ o n /t o m! ! ^ ! 3^' dy n ' m > n{ h 

where G Mi n (<I>^^K) denotes the coefficient of pV in the expansion of W'W 1 ' in 
ascending powers of p and cr. When m and ?&' both vanish, or when m'-\-n' >m-\-n, 
the coefficient G m% n (<i>^ / ^ / ) is zero. 

The form of the corresponding theorem for the case of any number 'of independent 
variables is evident. 



nomographic Transformation : Characteristic Equations. 

7. When we consider the general tomographic transformation, we may take a ± and 
a 2 to be zero, for the invariants do not explicitly contain x and y y but only differential 
coefficients with regard to them, and so they may be modified by the subtraction of 
the respective constants olJol^ a 2 /a 3 ; and then the general forms are equivalent to 

x y 1 



X + *Y Y + /3X H + /5 3 X + 7 3 Y 

In order to apply the method of infinitesimal variation, it is sufficient to make the 
factor J nearly equal to unity, or, what is the same thing, to make x nearly equal to 
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X and y nearly equal to Y. Hence, we take a 3 to be unity, and f3 3 and y 3 small, say, 
— e and — 6 respectively ; and a and /3 are to be considered small, quantities of the 
first order being retained. Thus, we have 



J = 0, 0, 1 

i, A - 

a, 1, — 
= 1 + 3eX + 30Y, 

so far as quantities of the first order. Also 



(1 _ cX - 0Y) 



-3 



X 



X + #Y 
TZTeX - 0Y 



= X + «Y + eX 3 + OXY 



= * (X, Y), 



# — l - eX - 0Y "~ P ^ 

to the same order ; and therefore 



+ eXY + 6Y 2 = i// (X, Y), 



<E> = cj> (X + />, Y + o-) — <£ (X, Y) 

= p + acr + € (/° 2 + 2Xp) + $ (z 90 * + pY + crX), 

V = xfj(X + P , Y + o) - i// (X, Y) 

= cr -f- yS/0 + € (per + />Y + crX) + $ (p 3, + 2Yor). 

Hence, to the first order inclusive, we have 



(jpm'iyn' 



and therefore 



p m 'a n ' + m'p m '~ l a n ' {acr + e (p a + 2X/>) + (per + pY + crX)} 
+ wy'a*'- 1 {/3/> + € (/xr + pY + <rX) + (o- 2 + 2Ya)}, 

C*, „, = 1 + m' (2eX + 0Y) + n' (eX + 20Y), 
C w /_ lf «/ + 1 = m (a + #X), C„/ + lf »/«! = n (£ + cY), 
C»' + !,»'= (m' + n) e, C«/, «/ + 1 = (wi + n ) 0. 

All other coefficients are negligible, being of a higher order of small quantities or 
zero (non-occurring) ; and these give all the combinations of values of m and n for 
C«, n (<b m ''9 n '). Therefore, for all values of m and n, we have 



3X« 8Y : 



Plw + w £ 

+ 



= |^£ (I + « ( 2 ^X + *Y) + n (*X + 20Y)} 

r)m + n *, 7)m + n » . 



dx m+l dy n ~ x % ' ' ' ox?*~ ± ay 

%n + n — 1 g £)»* + »-lg 

+ ,,,..,, m (m + n — i) e + ~ ■— ~ -- — ,- n (m + ?i 



T 



1)0, 
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8. If, then, we have an invariant f of index \, such that 

and we substitute for J and for all differential coefficients Z„ t „, and then expand, 
retaining all sma]l quantities of the first order, we have the following equations 
derived from a comparison of corresponding terms. 
From the terms which are multiplied by eX 



df 

tt{2m + n)z m%n -^ -= 3\f . : (i.); 



from the terms in 6Y 



3/ 

tt (2n + m) z Mi n ^ A ~- = 3\f , (ii.) ; 



from the terms in 



&if= ttm(m+ n — l)2»-i,«a — =0 (iii. ) ; 



'm. w 



from the terms in 9 



A 2 /= SSw (m + 71 — 1) ^ w-1 ^ — =0 (iv.) ; 



from the terms in /3 + eY 



_ 3 / 
A 3t / = 2Sw£^_- 1} ^ + 1 pj~ =0 (v.) ; 



•"mji 



and from the terms in a + #X 



9/ 

A^y == A^iUZ m +Y, n — \r\ ~~ =r:: V^W* 



Equations (iii.)-(vi.) determine the form of the function /; when the form is 
obtained, the index is derivable by inspection, and equations (i.) and (ii.) are then 
identically satisfied. 

9. Before considering these equations, characteristic of the invariants, one remark 
should be made. If the quantities € and 6 are absolutely zero so that the transforma- 
tions are 

x = X + aY 9 y = l3X + Y, 

that is, transformations to which a binary form is subject, the terms which, in what 
precedes, give rise to equations (i.)-(iv.) do not exist, and, therefore, these equations 
do not exist ; but there are terms in /3 and a, and, therefore, equations (v.) and (vi.) 
survive, being in fact the partial differential equations determining those co variants 
which can be expressed in terms of partial differential coefficients of the form with 
regard to the variables. 
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Invariants in the Second Order. 

10. First, let us consider invariants which involve no partial differential coefficients 
of order higher than the second. The differential equations to be satisfied are, in the 
non-subscript notation, 

(iii.) ? | + 2f>|=0, 
(iv.)4{+2«!=°- 

( v -) % + 2, £ + t£ = 0, 

so far as concerns the form of the function. From these equations we have 

dp _ dq 



3/ 


8/ 


df 


dr 


ds 


di 


~tf ~ 


-2pq 


p % 



2 (pt - qs) 2 (qr - sp) 

When © is taken to be the common value of these fractions, it follows that 

d '= Z dr + 1* + % dt + %<%> + f ^ 

— ® d (q*r — 2p^5 + pH). 

Now, c^is a perfect differential, and therefore © is some function of (fr — 2pqs + pH ; 
hence, f also is some function of q*r — 2pqs + .p% and therefore the only irreducible 
invariant which contains differential coefficients of order not higher than the second is 

q$ r _ 2pqs + pH. 

This is the function A , already (§ 3) considered ; the integral equation corresponding 
to the vanishing of this invariant is known. 



Invariants in the Third Order. 

11. When we come to consider invariants which involve differential coefficients of 
higher order, the method just used is no longer available, because the four differential 
equations are not sufficient to determine the ratios of the differential coefficients which 

m 2 
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enter. If the determination of the invariants be made from the point of view that 
they are simultaneous solutions of the four equations, one method of proceeding will 
be to adopt Jacobi's process. 

Any function f y which satisfies (iii.)-(vi.), must also satisfy each of the equations 

[A,, Aj = 

for r, s = 1, 2, 3, 4. Forming these, it is easy to show that 

r A a 1 v v P < A «/> 9 ( A »/) 8 (A 4 /) 9 (A 3 /) 1 

' d (x) d (a ) ' 

after substitution and collection. Since this does not vanish in virtue of any one of 
the given equations, we must have a new equation 

A 6 / = tt (m — n) z m ,n £ — (viL), 



to be associated with the rest. But this is the only additional equation ; for 

[A„A 2 ] = 0; [A 4 , Aj = -A 2 /^0; [A 8 , A 3 ] = - A x f = ; 
[A 3 , Aj-:0; [A 2 ,AJ = 0; [A 6 , Aj = 2Aj-= : 
[A 55 A 3 ]=-2A 3 /=0; [A 5 , Aj = ; [A 6 , Aj = 0. 

It is easy to verify that / = A satisfies (vii. ). Every invariant will be a simultaneous 
solution of (iii.)-(vii.). 

It may be noticed that the equation (vii.) can be otherwise obtained; it arises by 
equating the left-hand sides of equations (i.) and (ii.) to one another, for, on re-arrange- 
ment of this, we have 

df 
tt (m — n) % m ^ n ~ — = 0. 



Hence, equation (vii.) may be considered as replacing either (i.) or (ii.) ; and any 
function, which is a simultaneous solution of (iii)-(vi.) and for the same value of X 
satisfies (i.) and (ii.), will also satisfy (vii.). 

One deduction as to the character of the invariants can at once be made from the 
form of the equations. 
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Every Irreducible Invariant must involve % and z l0 . 

For every irreducible invariant f satisfies the five equations ; if tlien it be indepen- 
dent of z 0i9 we have df/ dz 0l = 0. Since there is no term in it which involves z ol9 and 
since there is a single term involving z 0l in A s f= 0, viz., % (df/d^io), we must there- 
fore have df/dz l0 , i*e-> the function must be independent of z lQ . From A L /= 0, it then 
follows that 3//3^ 3 o an( ^ Qffi z \ i both vanish ; from A 2 / = 0, it then follows that 
9/"/3% and 3/73% both vanish, and, therefore, that f involves no differential coefficients 
of the second order. Proceeding in this way to the successive orders, it appears that f 
involves no differential coefficients whatever ; so that it cannot be an invariant, other 
than a constant or z. 

12. Proceeding now to the consideration of invariants which involve differential 
coefficients of the third order as the highest, and denoting them for convenience by 
a, b 9 c, d (= 2 30 , £ 12 , %, £ 30 , respectively), we have, as the subsidiary equations 
necessary for the construction of the general solution of A 3 / = 0, the set 

dp dq dr ds dt da db dc dd 

q = ~0 = ! 2s = 1 = = ' 3b = 2c = ~d~~ ~0' 

To deduce that general solution, eight independent integrals of the subsidiary set 
must be obtained ; bearing in mind the character of the invariants (§11) ultimately to 
be arrived at, we take these integrals in the form 

u Y = q, 

u% = t 9 

u s = qs — pt, 

u^ = (fr — 2pqs + pH 9 

u 5 = d, 

u 6 = pd — qc, 

u 7 = p 2 d — 2pqc + (fb, 

u s =p s d — 3p 2 qc + 3pq 2 b — (fa. 

Any solution of the equation A 3 / = G can be expressed as a functional combination 
of u l9 u 29 . . ., u s ; thus 

Iff 

bd - c* = ^*-=-^, 
{ad - bcf - 4 (ao - V) (bd - <fi) = (!VVz^Z^ 4 1 ^ ~ V) te - V) , 



^ 6 



and so on. 
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In order to obtain the most general solution which simultaneously satisfies 
A 3i /= and A lt / = 0, it will be sufficient to obtain the irreducible functional com- 
binations of u l9 u 2 , . . . , u s , which satisfy A Jc /'= 0. Now, 

A^ = 0, A ± u 2 = 0, A x u^ = 0, A x u 5 = ; 
and 



so that 



A^ 3 = u x \ 




A ± u 6 = — 2tt 1 u 2 , 




A x ^ 7 = 4?^?^, 




A-j?^ = — 6?i x ^ 4 ; 




A 2 (w^g + 2^ 3 %) = 


o ? 


A x (t^.y — 2% 2 ) = 


o, 


^1 (^1^8 + 6%^) = 


0. 



Hence, the most general simultaneous solution of A 8 /= 0, and A 1 /= 0, can be 
expressed as a functional combination of 

Wry, U% y Ufa Ufr 
i/g — — UVtla —J"" ZjUqUo^ 
Urt — UtUij — ZWo , 

^ g =z ^ x ^ 8 -j- 6^3%. 

In order to obtain the most general simultaneous solution of A 3t /= 0, &\f=- 0, 
A 2 /= 0, it will be sufficient to obtain the irreducible functional combinations of 

^i> %> %> ^5? ^6? v 7> ^8 which satisfy A 3 /= 0. Now, it is easy to show that 

A 2^i = °> A 2^4 = °> A^ 6 = 0, A<^ 8 = ; 
and 

2^2 ~~~~ ^U-\ , 

A 2 ^ 5 = 6^ 3 , 
A 2 ^ 7 = 2u i u 4f ; 
so that 

A 3 (iim — | w a a ) = 0, 
A 3 (v 7 - w a w 4 ) = 0. 

Hence, the most general simultaneous solution of A 3 /= 0, A x /= 0, A 3t / = can be 
expressed as a functional combination of 

U l> U & Vq9 ^8? 



V 5 — UyUfr 2^2 > 



2 



W 7 = Vrj — Utflu = tt x ^ 7 — ^ 2 % — 2%*. 
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In order to obtain the most general simultaneous solution of A 3 /= 0, A lt /= 0, 
A 2 f= 0, A 4 /= 0, it will be sufficient to obtain the irreducible functional combina- 
tions of u l9 w 4 , v 5 , v Q , w v v s which satisfy A 4 /= 0. Now it is easy enough to show 

that 

A 4 % — ; 

and that 



If, then, we write 





A 4 ^i = p, 






uA#> 6 = 4pv 6 - 3v 6 , 






u^Vq = 3pv Q — 2w p 






u^Wrf = 2p^ 7 — v 8 , 






^iA^g = pi? 8 + 6t^ 2 . 






_ p ^V __ p ^6 p 


^5 



Pa, 



these equations become 

11-^ Za^Jl g " = - u% 4 , 
% A 4 x tj = J7 8 , 
^i A 4 F 6 = — 2ry, 
<A 4 P 5 = - 3P 6 ; 

and therefore, bearing in mind that A^ = 0, we have 

A 4 (P 8 3 +12<P 7 )=0, 

A 4 (P 8 3 + 18<P 7 P 8 + 54<P 6 ) = 0, 

A 4 (P 8 P 6 - P 7 3 + 2<P 5 ) = 0. 

Hence the most general simultaneous solution of A lt /*= 0, A 2 /= 0, A 3t /= 0, A 4 /= 
can be expressed as a functional combination of u^ and 

Q6 = -^8 ^" 18^ 4 P 7 F 8 + 54t£ 4 P 6 , 

13. Before considering the question as to whether these functions satisfy (i.) and 
(ii.), and, therefore, also (vii.), it is desirable to modify their expressions. 

"We have already had the quantity % ; it is the same as A , so that we write 

i£ 4 = A ; 
and it will be convenient to write 

— u s = Aj_ = (z m %, z l%y z Qd Jz Ql7 "*"" z w • 
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Then we have 

1 

i 

= ~~l { u * u * + 12%% (%% + %%) + 12t^ 2 (% 3 — %%)} . 
But 

%% + %% = (gs — pt) (p s d — 3p 3 ^c + 3pq*b — g%) 

+ {? (<F - 1*0 — P (?* - PO) (P 3 ^ ^ 2 P C 1 C + f b ) 
= 2 (gr — ps) (p 3 <i — 2p$c + ^ 3 6) + g (qs — jptf) (— p 3 c + 2pqb — (fa) 



__ ] ^ /9A 3A a 3A 3A T X 



where J 01 denotes the Jacobian of A , A x with regard to % and u 0l . Similarly, 

% 3 — %% = % 3 (s 3 — r£) = — % 2 H ; 
so that 

(^ = Aj -j- 2A J 01 + 12Aq H 03 

H being the discriminant of A . 

For the modification of the expression of Q 6 we have, on substituting for the 
quantities P in terms of the quantities u, 

Qe = u i + 18 - iL - J - (%% + %%) '+ 18 ~~ (4% 3 % — %%% + 6i%%% + 3% 3 %). 

The modification of the second term has already been given ; for the third we have 

4% 3 % — 4%%% = 4% 3 A 1 H ; 

u%u 8 + 21/3% + %% = %s { r (p^ ~" ffc) — 25 (pc — (/&) + t (pb — ga)} ; 

9 3 A Q ^A x __ ^Aq_ 9^Ai 9^A, B 3 ^' 
_ 3^ 3 9p 3 8p3^ 9^3^ 9^ 2 9# 3 

1 „. 2TT 

— 12% -^Ol > 

where H 01 denotes the simultaneous Hessian of A and A l with regard to u 0l and % . 

Hence 

Q 6 = A x — 3A &. l J Ql + 72 A AjHq — -% A H 01 . 

For Q 5 we have, after substitution for P 5 , P 63 P 7 , P 8 , the form 

^5 == TTs (^6^8 ™~ % ) 

2 

-1 g (%%% + %^5 + 3%%% + %%% + 2% 3 %) 

— ~4 ( 4 %V - 8%%% 3 + 4%*) . 



— 12^1 ^ 



MR. A. R. FORSYTH ON A CLASS OF FUNCTIONAL INVARIANTS. 
Now, for the first set of terms 

u Q u s — - u 7 2 = g s {(f (ac — b 2 ) — - pq (ad — be) -{- p* (bd -— c 2 }{ 
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= < H 2 



where H x is the Hessian of A-, considered as a ground-form in q and — p ; and the 

third set of terms is 

4 



V* 



For the middle set of terms it is easily found, by the results already proved, that 
the terms within the bracket can be expressed in the form 

u i W {i*d — 3rsc + (2s 3 + rt) b — sta} + p {fa — 3tsb + (2s 3 + rt) c — rsd] ] 
= V L 2 , 



say ; so that we have 



Q 5 = H x + 2L 



2 



4H l 



14. Considering now the question as to whether each of the functions thus obtained 
will satisfy (i.) and (ii.), for one and the same numerical value of the index A. probably 
associated with it, we may proceed as follows. Writing the equations in the form 



fla/=3X/ (i'-) : 



a j = 3X/ 



we have the following result : 



■ /= 1 




«i/ = 


X — 


i 

A) | 

i 


6A 


6A 
9Aj 


2 


Al 


9A X 


3 


^01 


I2J 01 


]2J 01 
12L.*, 

*** 


4 
4 


L 3 


12L 3 


1 

H 01 I 


9H 01 


9H 01 


3 


H 


6H 


6H 


2" 


Hj . | 

i 


12H! 


12Hj 


4 



("•), 
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By means of these results we at once find 

^0^6 = ^* ^6 = ^1 %6 ? 

Hence A , Q 5 , Q 6 , Q 7 satisfy all the necessary equations, and they are therefore 

invariants ; their respective indices are 2, 4, 9, 6 ; and, therefore, every invariant 
which involves differential coefficients of z of order not higher than 3 can be expressed 
as an algebraical function ofA , Q 5 , Q 6 , Q 7 , where (changing the sign of Q 6 from § 13) 

B = H L + 2L 3 - 4H 3 , 
C^ 6 = A t + SAqAjJoj^ — 72A A 1 H + -^Aq H 01 , 
Q 7 = A 1 3 +2A J 01 + 12A 3 H , 

and the quantities A , A l5 J 01 , H , H 1? H 01 . L 3 are given by the equations 

* 

T 3A 9A x 3A 3A X 

d^ 10 0% 0% d£ 10 

I~T ^^ # 2 

H 01 = 12 {% (% % — 22J U 2 31 + %>%)) — 2J 1Q (gf^Qg — 2Z U Z 12 + %>%)} 

_ ^!Aq &Ai _ 2 9 2 a a 2 A t 3^ 3^ # 
3% 3 3% 2 a^ 10 dz 0l a^ 10 dz ol a % 2 dzj ? 

•W-l = (%)% "~ %1 > ^30^03 "" %%> %1% "~ % 2 ^%> ~" Z \$f 5 
L 2 = % (%0%3 — 3 %0%% + ( 2 ^11 2 + %)%) %1 — %%%)} 

— «!o (%o^n%3 - (2« n a + % %) % + 3«n%% - % 2 %o} 
__ 1 /3Aq 3H 01 3A BH^ 

\d% 0% d% -d^ 10 

The invariant A is that which was obtained before, and it may be called the irre- 
ducible invariant of the second order ; the invariants Q 6 , Q 6 , Q 7 may be called the 
irreducible invariants of the third order. 

15. It may be remarked that the quantities additional to A x and A which are 
necessary for the expression of Q 5 , Q 6 , Q 7 all belong to the simultaneous concomitant 
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system of A and A 1 regarded as binary ground-forms in z Ql9 — z l0 as variables. # To 
this we shall return (§ 34). 

A Special Series of Invariants. 

16. There is a succession of invariants of consecutive orders, comparatively simple 
in form, which can be derived by using the remark made in § 9. A set of invariants 
of the form suggested by the covariants of a binary quantic, which involve only 
differential coefficients of the quantic with respect to the variables, is derivable by 
considering the functions in z analogous to Hermite's " associated covariants " which 
may be taken to be 

for values 2, 3, 4, . . . of m. 

It is easy to see that each of these functions satisfies the equations (v.) and (vi.), 
viz., A 3i /= and A 4 /= ; these, in fact, are the equations which suggest the 
functions. 

But, when we consider the operators A T and A 3 which do not arise in connexion 
with covariants of binary forms, we have 

AjA w— g 

/ 3 3 3 3 \ 

= (m — 1) ( %».»! — nT + 2« 2) ^_ 2 51 + ?>Z % w _ 3 pT~ + • • • + m ^«-l,0 "^1 ) ^ 

\ UZi $ m~i v *%m-% u *3,»»— 3 OT » 0/ 

= (m - 1) {ms*_ L s 01 " - (m - 1) s*_ 2t T wsoi*" 1 *io + • • • 1 
z=m(m — 1) 2 10 A W _ 3 ; 

and, similarly, 

A 3 A m _2 =: — m y^ J ) ^loA-m-3- 

Again, in regard to the operators which occur in (i.) and (ii.), it is easy to show that 

A^«_ 2 " ==: ^^A^_2? 

If, then, we can obtain combinations of A , A 1; A 2? . . . which are homogeneous and of 
uniform grade, such as to satisfy A x /= and A 2 /= 0, these combinations will be 
invariants ; and it follows from the effect of the linear operators A l and A 2 on the 
quantities A that any combination of the A's which satisfies A ]t /= will also satisfy 

**/= 0. 

* Salmon", 'Higher Algebra' (3rd edition), § 198; Clebsch, ' Theorie der binaren Formen,' § 59; 
Goedan, ' Vorlesungen tiber Invariantentheorie,' vol. 2, § 31. The quantities A L A 0| J 0L L 3> H 0j H 0L H x 
are, save as to numerical factors, respectively the same as Salmon's symbols u 9 v, (1,1), L 2t A, L x , (2, 0) ; 
as Clebsch's symbols <£,/, #, g, D, jo, A ; as Gordan's symbols 0, /, ,9-, q, A^p, A. 

N 2 



m — g 
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Combinations of this kind, which are of uniform grade and are homogeneous, are 

A , A A 2 — . \k.-y 9 A 2 A 3 — ? 1 A A 1 A 3 + ^Aj 3 , A A 4 — m 1 A 1 A 3 + m 2 A 2 3 , and so on. 
When these are substituted in &jf= and the coefficients k, I, m, . . . are determined 
so that the equation is satisfied, we find the following set of invariants : — 

U = A , 

TT — A A — ■ A 3 

TT _ A A _ K A A _l .25. A 2 



These combinations suggest an analogy with the coefficients of the principal irredu- 
cible covariants of a quantic. If we change the symbols by the relation 

A m _ 9j = m ! (m — 1) 0^_ 2 , 

then, except as to numerical factors, the functions are 

Co j 

C *C 8 - 3^0,0, + 20/, 
C C 4 - 40^3 + 3C 2 S , 



that is, they follow the same law of formation as the leading terms of the covariants 
referred to ; and they can therefore be expressed in terms of the quantities C and 
can thence be deduced in terms of the quantities A. 
All these functions satisfy the equation 

P^O-9P— J-qP— J- — ft 

°° ac\ + 0l ac 2 + dU * ac 3 + • * * - u? 

that is, they satisfy the equation 

r\JT 

S (n + 2) (n + 1) A^ *t- = 0, 

n—l QA n 

by means of which the numerical coefficients in U can be directly determined. 

It is evident from the form of U„_ 2 ^ a ^ ^he highest order of differential coefficient 
which enters is the mth, that all the differential coefficients of the mth order enter 
linearly and into only one set of terms, and that the remaining terms all involve 
coefficients of lower order of differentiation. 
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Invariants in the Fourth Order. 

17. To obtain the irreducible invariants which involve no differential coefficient of 
order higher than four, we may proceed as in § 1 1 by forming the irreducible functions 
which satisfy the differential equations ; among these functions the invariants already 
obtained will occur. 

For convenience, let the differential coefficients of the fourth, order be denoted by 
e 9 f 9 <7, h 9 i (= %, %, %, %, % respectively). Then, beginning as before with A 3 / = 0, 
the subsidiary equations additional to those already (§ 12) considered are 



dp 


dg 


de df 


_ d 9 _ 


dh di 


9. 





¥ 3g 


2h 


" i ' 



of which the irreducible independent integrals are 

u d = i, 
u 10 = jpi — qh, 



w 



IS 



p 3 ?* — 3p 2 qh -|- 3p<fg — <?!/? 



t^ 1B = p 4 ^ — - 4p 3 <//i. + Qp^q 2 g — 4tp<ff + q*e ; 

and any solution of A 3 /= is expressible as a function of t^, w 2 , . . ., ?%.' 

The remainder of the analysis is very similar to that which, has been used for the 

earlier question, and so it is not here reproduced ; the following are the results : — 
(i) The functional combinations of the thirteen quantities u which satisfy A li /= 

(and which are, therefore, the irreducible simultaneous solutions of A 3t / = = A lt /*) 

are 

Ui, Ufy u^ u% 9 Ug : 

Vrj = U^Urf — 2tt 3 3 , 

v s = u Y u % + 6w 3 w 4 ; 

v l% = u^u n + Qu^Uy — 12^ 3 3 , 
t? iy = %% a3 + 12?^ 1 w 3 ^ 8 + 36^ 3 2 % 

(ii) The functional combinations of these twelve quantities which satisfy A 2i /= (and 
which are therefore the irreducible simultaneous solutions of A 3i /= A 1 f-=A 2 f= 0) 
are 
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^U ^%3 ^6> ^8' ^13 > 



^10 — ^1^10 2%^6? 



^-q — ^1^11 ~~"" vllgtlri "' "2~^2 ^4> 
^12 == ^]2. 2%% 

(iii) When these functional combinations are substituted in turn for / in A 4 jf the 
equations additional to those in § 12 can be transformed to 

u x A^v 9 = 6pv 9 - 4w 10 , 
u Y &4,iv l0 = 5^>w 10 — 3^ + 3w 4 v 5 , 
% Ai^n = 4pw n - 2w n + 6%% 
w x A 4 w 12 = 3pw 12 — 18 + QuflVy, 

u Y A 4 v 18 = 2pv 13 + 12v ; 8 ; 

and therefore, if we write 

^13 p ^2 p ^11 p 7 %) p . ^9_ _ p 



these equations become 

U l ^4-^9 :z= 4^10? 

7i i ^4* io = -"" 3x n + 3%P 5 , 

^ 1 ^A d( r 11 = — 2Jr ls + 6%x , 

^1 ^4-*-13 = " lit^lg. 

In addition to the former irreducible solutions, Q 7 , Q 6 , Q 5 , which were obtained 
from equations in § 13, the following irreducible solutions can be obtained : — 

y 13 = %F 13 F 8 * , 

^?12 ~~~ to^ 4 Xj2 l ^^4-^8-^13 i olW 4 x g ^r§ > 



4 

8 5 



Q u = 72<P n + 24^ 3 P 8 Pi2 + 2%P 8 2 P 13 + 144<P 5 + 10R<P 7 2 - P 

Q 10 = 216wJP 10 + 108<P 8 P n + 18<P 8 3 P 12 + ^P 8 8 P 13 

- (108<P 8 P 5 + 81<P/P 6 + 18<P 8 3 P 7 + P 8 5 ) ? 

Q 9 = 1296<P 9 + 864<P 8 P 10 + 216VP 8 *P U + 24<P 8 3 P I2 + %P 8 4 P 13 

- (216<P 8 »P 6 + 108i^P 8 3 P 6 + 18<P 8 4 P 7 + |P 8 6 ). 
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These are not necessarily the simplest forms obtainable, but every simultaneous 
solution of A lt /*= &zf= A3/— A 4 /= can be expressed as a functional combination 

01 U4, y 5 , y 6 , o,y, c^jgj . . ., y 13 . 

It wiU be seen that the new irreducible functions Q 9 , . . ., Q 18 are linear in the 
quantities P 9 , P 10 , . . ., P 13 , and are therefore linear in the partial differential 
coefficients of the fourth order. In this respect they apparently differ from Q 5 , Q 6? 
Q 7 , which are the irreducible invariants of the third rank in differentiation ; but, if 
we take instead of Q 5 an equivalent invariant 144^/Q 3 + Q 7 2 , which is 

288<P 5 + 144VP 6 P 8 + 24VP 7 P 8 8 + P 8 4 , 



the law of successive formation of the invariants (the new) Q 5 , Q 6 , Q 7 is similar to 
that for the functions Q 9 , Q 10 , . . ., Q 13 . 

18. But, before it can be avsserted that Q 9 , Q 10 , . . . Q 13 are invariants, it must be 
shown that they severally for a common value of X satisfy the equations (i'.) and (ii'.). 
Now the following results are easily obtained : — 



/= 


^0/ ~~ 


Qi/ = 


\ = 


P5 











Pb 


op 


3P 6 


1 


STrf 


6P 7 


6P 7 


2 


Ps 


(/in 


9P 8 


3 


^9 











p 

-MO 


1 

3P 10 


3Pio 
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"P 
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6P U 


6P U 
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^12 


9^12 
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From this Table it at once follows that 

^0^13 ~ l°Ml3 == ^1^13? 

fl Qii = 36Q n = I^Q-q, 

fl Q 9 = 54Q 9 = fl^g. 

Hence, Q 9 , Q 10 , Q n , Q 13 , Q 13 are invariants of indices 18, 15, 12, 9, 6 respectively ; 
and every invariant which involves no differential coefficient of order higher than the 
fourth can be expressed as a function of u^ Q 5 , Q 6 , Q 7 , Q 9 , Q 10 , Q n , Q ia , Q 13 . 

General Inferences. 

19. And if, among the sets of irreducible invariants thus obtained, those invariants 
which involve the partial differential coefficients of the nth order as the highest that 
occur, and which are linear in those partial differential coefficients of highest order, 
are called irreducible invariants proper to the rank n 9 then we have the following 
propositions relating to the complete aggregate of invariants :— 

(i) The irreducible invariants can be ranged in sets, each set being proper to a 

particular rank ; 
(ii) There is no irreducible invariant proper to the rank unity ; 
(iii) There is a single irreducible invariant (= u^ = A ) proper to the rank 2 ; 
(iv) There are three irreducible invariants (= Q 5 , Q 6 , Q 7 ) proper to the rank 3 ; 
(v) For every value of n greater than 3, there are n + 1 irreducible invariants. 

proper to the rank n, and they can be so chosen as to be linear in the 

differential coefficients of order n ; 
(vi) Every invariant can be expressed as a function of the irreducible invariants ; 

and, if such an invariant have differential coefficients of order r as those of 

highest order occurring in it, the functional equivalent involves some or all 

of the aggregate of irreducible invariants proper to ranks not greater than r; 

it involves some of the irreducible invariants proper to the rank r, but no 

irreducible invariant proper to a rank greater than r. 

Simultaneous Invariants of Tivo Functions. 

20. Hitherto we have considered invariants of only a single dependent variable 
which is a function of the two independent variables ; but we may consider a second 
dependent variable, say z\ which is also a function of x and y. The two quantities 
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z and z are independent of one another ; but, if a third dependent variable be 
introduced, it can, by the elimination of x and y, be expressed in terms of z and z f 
alone, and its invariants will be expressible partly in terms of the invariants of z and 
of z, and partly in terms of functions arising in connexion with the transformation 
of z and z. It is thus sufficient to consider two, and not more than two, dependent 
variables when there are two independent variables. 

21. In addition to the invariants possessed by each of the dependent variables 
separately, there will be simultaneous invariants which involve differential coefficients 
of both the variables ; such a simultaneous invariant is 

J = ptf — p'q> 

which we have already obtained in § 4. 

When the characteristic differential equations of simultaneous invariants are formed 
by the method already (§8) adopted for invariants of a single function, they are as 
follows : — Let F' generally denote the same function associated with z that F denotes 
associated with z. Then the equations satisfied by a simultaneous invariant xjj of 
two functions z and z' are 

%xjj = (n + 12' ) xjj = SXxjj, 
^xjj = (Q i + Q\) xjj = 3Xi//, 

©^ = (A x + A\) i/, = 0, 
©# = (A s + A' a ) * = 0, 
© 3 i/> = (A 3 + A' 3 ) ^ = 0, 
Btf = (A 4 + A' 4 ) xjj = 0. 

It is easy to verify that J satisfies these equations, its index X being unity ; and it is 
evident that the invariants of z alone, and those of z alone, all satisfy these equations. 

As in § 11, it is easy to prove that every simultaneous invariant must involve 
p and q ; or p and q ; or p, q, p\ and q. 

22. The only simultaneous invariant so far obtained is J ; we proceed to obtain all 
the simultaneous invariants which involve no differential coefficients of z and of z' 
which are of order higher than the second, using for this purpose the method adopted 
in §§ 12, 17. Among these invariants there must evidently occur 

J =pq' - p 'q 9 
A = q*r — 2pqs + p% 
A' = tf'r' - 2pq's + <p'H\ 

the two latter being invariants each in one dependent variable only, which necessarily 
satisfy all the equations. 
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Taking the equations in the order adopted before and beginning with (A 3 + A' 3 )*// = 0, 
we have the set of subsidiary equations 

dp dq dr ds dt dpi dq' dr' ds' dtf 
~~q = "(7 == 2s = 7 = = q r = ~0~ " 2? = "F = ' 

nine in number. It is necessary to obtain nine independent integrals of the set ; and 
we may take these in the form 



"•s 



«1 =1 



> 



U 



1 



~J 



u 2 = t\ 

u 2 = t 



% = 



= ?s / -jp« / l 



u 



4 



= A 



o 



?/ 3 = qs — pt 



u^ — A 



u R = J, 



bearing in mind the property above proved. By the theory of linear partial 
differential equations of the first order, it follows that every solution of the equation 
(A 3 + A' 3 ) \fi = can be expressed as a functional combination of u l9 u\ 9 u % , u\, 

u§ 9 ^3, u^ 9 u ^ 9 lift, Inus, 



qs — pt = - — ■ 



U 2 l H 



U 



St 



f f UiU nil o — * Uj -/IVoUjo ~~~ tlnlt O^'g 

S t = - - 9 



%0 X U y 



q z r — 2pqs' + p & 
q' 2 r — 2pqs + p'H 



2 — ^1 3 ^4 "" %U>\ugl$ — tl'tflZ 



U 



f 2 



u'^u^ + 2w ] w / 8 % — w 2 m 5 ' 



^i 



and so on. 

To obtain the most general solution of © 3 x// = = O^, it will be sufficient to form 
the irreducible combinations of u l9 . . . , u h which satisfy ©^ = 0. Now, 

©^ = o, ©Xi = o ; ©^ = o, ©X2 = ° ; ® a = °> ©1^4 = ■; ®i^5 = ; 



and 



so that 



®i fas ~ ^3) = ° ; 



and, therefore, the irreducible combinations which satisfy ©^ = are u l9 u\ 9 u 2 , u\ 9 
v %y %, u\ 9 u 59 where 



v s = u 3 — % = qs' — </s — pt' + j^. 



To obtain the most general solution of © 3 t// = = ©^ = © 2 ^, it will be sufficient 
to form the irreducible combinations of the preceding eight quantities which satisfy 

© 2 ijf/ = 0. Now 
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and 



®s«s = 


*u'?^i 5 


© 9 1*' 3 = 


2t&\, 


© 2 v 8 = - 


- 3%. 



Hence 



and therefore, if 



© 3 (i^' 3 — u 9 u\) = o, 

© 2 (3u^u 5 + 2^ 3 ) = ; 

P = UiU' % — u % u\ = gtf' — 2% 
Q = 3u 2 u B + 2^^, 



the irreducible combinations which satisfy ©^ = = © 2 \/f = © 3 \//, are ^ x , ^' 1? P, u^ 

It is now necessary to obtain the irreducible combinations of these seven quantities 
which satisfy © 4 i/j = 0. We have 

©#i =P, '®4 s u\=p'; 



so that 



Again, 



Now, 



so that 



© 4 p — pt' — p't + 2qs — 2</s. 

2 Op*' — jp'*) — i> (P + <?'*) ~ jp'q* = p^ + ^5 W 2 ; 

© 4 P = 3 (p«' - pt) + 2^3 



3 



and hence 



Again, 



but 



and 



= ~(p p + %<> + 2 ^3 ; 



^© 4 P — 3pP = Q. 

i © 4 Q = 3su 5 + pv s + q®^ ; 

© 4 ^ 3 = gr' — ps' — - (^V — p's) ; 






3 

5 



o 2 
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so that 

P pV 3 ^^' 4 ^^ 2^g / _, A % 3 r> 



JljLvJIJLOc} 

F y 3 + 2%>3 = 2 i™3 + a Ti «4 - ~ % - ^ P - ^ ( 2 % + «' 8 )- 

Hence 



<> / . 

To ^4, — ' ^4. 71 -^ """ ~ 



•« (9/ \ />/ «« rt/ /J/ nns*? 



^T , %-, \ ^ ^ UrU 



l«AQ -i>Q = M^< - ^%) - ^P - -^(2% + *', - Bq's + 3^f-* 






If now we write 



u \ n 

" P 



the three results can be put into the forms 

u\*%B = AC"" 4 , 

u'f%jL = 2&u\ - 20 - 1 v % - '2BCV- 
And, further, we have 

4 ^ 4 = 0, %$il = 0, %4i h = 0. 

Since the result of operating with ©^ on B gives a quantity into which A enters 
linearly, and the result of operating with © 4 on A gives another quantity into which B 
enters linearly, we are led to assume that the irreducible solution (or solutions) of 
©^ — are of the form 

RA -|~ SB -f- T, 

where R, S, T are independent of A and B. If this be a solution, we have 

u\^Y = R (2CV 4 - 2C~% - 2BC V) + SAC ~ 4 + A^'^R + Bu\H%S ; 
and we suppose R and S so determined that 

SC-* = - ^7© 4 R, 
2RCV = "V^- 
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But, if R = O, then 

SO" 4 = - nu'fC*- 1 ®^} = - *m 5 (>- ] ; 
so that 

S= -nw 6 C* + 8 ; 
and therefore 

2VO + * = 2RGV = - n (w + 3) w 5 C* + V^C 

= —7i(n + 3)u*C n+ \ 

whence 

n = — 1 or — 2, 

First, taking n = — 1, we have 

w7© 4 T = 2Cw' 4 -2C-V 

and therefore 

Hence we may take as one irreducible solution 



1 5 w K C 



X = ~ + BC% 



Second, taking w = - 2, we have 

tt' 1 8 e 4 T = 2t* / 4 -2C- 8 w 4 ; 



and therefore 



Ttt 6 = 2Ctt / 4 +0-V 



Hence we may take as another irreducible solution 

And it follows from the method of derivation, and by an application of the theory 
of linear partial differential equations, that every simultaneous solution of the 
equations ©^xjj = = © 3 i// = © 3 i// = © 4 i/> which involves no quantity of order higher 
than r, s } t, r' 9 s' 9 t' can be expressed as a functional combination of u h ; u^ u\ ; X, Y. 

23. It is now necessary to consider the index equations. We have for u 6 (= J) 

<& J = 3 J, 
^J = 3 J ; 

so that J is an invariant of index unity. For u± ( = A ) we have 

O x A = 6A ; 
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so that A is an invariant of index 2 ; and similarly for u\ (= A' ), 

^cA o == 6A , 

^Ao' = 6A' ; 

so that A' is an invariant of index 2. 

It is desirable to modify the forms of X and Y 5 so as to express them explicitly in 
terms of the quantities p, p, . . . . When the values of A, B, C, u^ u ¥ u h are 
substituted in X, and it is multiplied by — u 6i it takes the form 

grV 7 — 2pqs + pPt' + 2 {qqr — (pg' + p'<?) s + i?_p'0> 

which may be denoted by ^t ; and when exactly the same operations are applied to 
Y, it takes the form 

q'ty — 2pq's -f- pH + 2 {qqr -— (pq + pq) s + pp't'}, 

which may be denoted by $T . 

It is now easy to verify that 

<I> ^ = 6& , 



so that ft is an invariant of index 2 ; and similarly that 

c^' = 6»' ; 

so that ^fc' is an invariant of index 2. 

24. The general result of the preceding investigation can be enunciated as follows : — 
Every simultaneous invariant of two functions z and z' of two independent variables, 

which involves no differential coefficients of order higher than the second, can be 

expressed in terms of the five irreducible invariants J (of index 1) and A , A' , 

^o> ^'o ( ea ^h of index 2) where 

3=pq[ — V'q, 

A = (fr — 2pqs + p% 

A' = q' V - 2p'q's' + p'H', 

gt = (fr — 2pqs' +pH' -f 2 {gg'V — (pg / -\- p'q) s + pp't], 

$t' = q'* r — 2p'q's + p' 3 £ + 2 {qq'r' — (pq' + p'q) s' + pp't'}, 



and p, q, r, $ 9 1; p\ q\ r\ s\ t'; have their ordinary significations as partial differential 
coefficients of z and of 2 /# . 

* It is easy to see that the invariant A , formed for z + Xz' is 

a + xn + xm'o + ^v 

This remark is practically due to Professor Cayley. 
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Iheory of hduction. 

25. It has already appeared from § 4 that the operator 

3 9 

* dx dy 

operating on % produces an invariant of index unity,, But for the purposes of this 
operation z may be regarded merely as an unchanging quantity, and, therefore, it 
maybe replaced by an absolute invariant (of index zero); and, when the operator acts 
upon an absolute invariant, there results a new invariant, of the next higher rank in 
the differential coefficient of the variable and of index unity. 

We can, however, make the operator an absolute invariant, for the index of A is 2; 
and, therefore, 

A °~\ q dx~~ P dy) 

is an absolute invariantive operator which, when it operates on a,n absolute invariant, 
generates a new absolute invariant of next higher rank. 

The operator can evidently be applied any number of times in succession, so that, 
if I be an absolute invariant, 



a a\i 



J A "a j sy —— mmmmm rv\ 

\* dx * dy 



r 



> 



I 



is an absolute invariant for all values of the index r. 

Similarly, the result of operating upon any absolute invariant with the operator 

* dx dy 

is to give a relative invariant of index unity ; and, if we are considering simultaneous 
invariants in two variables z and z\ then 

1 / J I _ j 
J \* dx dy] 

If -i _ 'i 

J \* dx " dy t 

are absolute invariantive operators, which, when applied to absolute invariants, 
produce absolute invariants. 

26. Thus, in the case of a single dependent variable, we have 



A = Q 5 A -*, B = Q 6 A - *, C = Q 7 A 



-3 
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ft 

as the three irreducible invariants proper to the rank three, and they form the com- 
plete system of irreducible absolute invariants within this rank. Hence 

A' = V* (?£-!>!) A, 

B '=^- i {4x-4^ 

c = v*(^-p|)c, 

are absolute invariants proper to the rank four. But it is not to be inferred that 
A, B, C, A', B', C constitute the complete system of irreducible absolute invariants 
within the rank four. 

Again, in the operator the quantities p and q are first differential coefficients of an 
unchanging quantity z ; they can be replaced by first differential coefficients of any 
absolute invariant I, and then 

A _, /ai a si a 



• \dy dx dx dy 



is an absolute invariantive operator, the operation of which on absolute invariants 
produces other absolute invariants. Hence 



D = A 



E = A ~* 



8b a 

dy dx 


3b a\ 

3a; dyj ' 


30 d 
dy dx 


- d \ A 

dx dy) ' 


'3a a 


aA a\„ 



Y = A "* ( — — — -- B 

\dy dx dx dyj ' 

are absolute invariants proper to the rank four, and they are of the second degree in 
the differential coefficients of the fourth order. Among the six quantities A', B', C, 
D, E, F there is the relation, 

A'D + B'E + C'F = ; 

so that only five of them can be independent. 

27. In any higher rank n let I, J, K, . . . be the invariants, absolute and irreducible, 
proper to that rank ; let I' denote the absolute invariant educed from I by the 
operator 

^[V^-Pdy)' 
and l m the absolute invariant educed from I by the operator 

A -J^l _5*MJL\ 

\dy dx dx dy) ' 
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M being an absolute invariant. Then, by means of all the eductive operators associ- 
ated with absolute invariants of successive ranks, we can obtain from I the set of 
educed invariants 

r- 

-l«'? h'> ±c'> ±th A« v» 



T T 



all proper to the rank n + 1 ; and there is a similar set from each of the other 
invariants J, K, . . . 

This number, however, can be at once reduced ; for, if J m be any educed invariant 
other than F and I a , we have 

r> c b v 

3A 3A 
3?/ 3# 

3M 3M 



I 



■*-m> 



dy " dx 



= 0; 



and therefore 



I e M' = I'M, + I»A' : 



which shows that I m can be expressed in terms of V and I a , and of invariants proper 
to lower ranks if M be different from J, K, . . ., and that, if M coincide with one of the 
invariants J, K, . . ., the invariant I m can be expressed in terms of the set I', J', . . ., 
the set I a , J a , . . ., and of invariants proper to lower ranks. 

It therefore follows that the invariants, educed from the absolute irreducible 
invariants X, J, K, . . . proper to the rank n, can be expressed in terms of I', J', K', . . . ; 
I a , J a , K„, . . . proper to the rank n + 1, and of invariants proper to lower ranks. 
All these educed invariants are, if n be greater than 3, linear in the partial differential 
coefficients, which are of order n + 1, and so determine the rank of the invariants. 

We know that, for values of n greater than 3, the number of irreducible invariants 
proper to the rank n is n + 1, all of which can be made absolute on division by an 
appropriate power of A ; hence, the number of invariants educed as above is 2 (n + 1), 
which must all be expressible in terms of the n + 2 irreducible invariants proper to 
the rank n + 1. But so far there is nothing to indicate which of them, or how many 
of them, are equivalent to irreducible invariants proper to the rank to which they 
belong. 

28. Again, we have seen that there are four simultaneous invariants of two func- 
tions proper to the rank 2, and that there is a single invariant proper to the rank 1 ; 
so that 
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Oa — ixn J J V; 



-o 







A A <J j 



© = ^ j-2, er = &' j-s, 



are absolute irreducible invariants proper to the rank 2. Let 



1 
J 









o 



1/ A 

J \ dx 
J \* dx 



F 






1/ ,3 

j * a 



a? 



p ' lj c ° 



F; 



Jl*a 



# 



a 



j(4-p',-)0'o=G'; 



©0 = ^, 



1/ /9 

j I 9 & 






1 / r^ A 

J ( «fe ~ *' % j r o = ®' ; 



then F, F', G, G\ dF? dP'> (3*, Or', are eight educed invariants proper to the rank 
three. But instead of q and p, or q and p' 9 we can substitute the first differential 
coefficients of any unchanging quantity, say of any one of the absolute invariants 
C , C' , ® , ©' , and thus educe new invariants. All these, however, can be expressed 
in terms of the set of eight already retained ; for we at once have 

OX 



80 







fy» 



qW-q'F ; 



and therefore 



1 /8C 8 8Co 8 \ c = j , F G _ F G ,, 

J \oy ox ox oyj u x ; 



which proves the statement.* 

Hence, through the present class of eductive operators we are able to derive from 
the simultaneous invariants proper to a rank n double the number of educed invariants 
proper to the next higher rank ; but it is not to be inferred that they are all irredu- 
cible, or that they form the complete system of irreducible invariants proper to 
that rank. - 

29. The foregoing linear operators are not the only eductive operators ; in fact, 
each new invariant suggests a new eductive operator. For the fundamental property 
of non-variation on the part of z, the differential coefficients of which are combined 
into invariants, enables us to substitute for z any other unchanging quantity, such as 
an absolute invariant. Thus, for instance, if I be any absolute invariant, then 



dy ) dx* 



_ 31 91 3 3 I . / 31 V 3 2 I 

/ . — ..— . - — . — - n , j i I — j ■ 

dx 3y dx dy \dx J 3y 3 



* Similarly for functions of z + \z' ; thus 

F + \z f ) = F + \ (j? + ¥') + \* (ffi + 4F) + ^ (G + ©') + ^&'< 
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the same function of I as A' is of z\ is an invariant of index 2, and 



3 2 I 3 3 I 3 2 I 



{qr _ ps) ,J _ {qs _ pt) 1 



> ? 



the same function of z and I as ^t is of z and z\ is an invariant of index 2. 

30. The expressions for educed invariants can be applied as follows to obtain the 
expressions for the effects of the operation of © 1? © 3 , © 3 , © 4 (§ 20) on differential 
coefficients of the invariants with regard to the variables. 

Let V be an invariant of index m. and let the operators q ^r — p ^r, a'-* p' tt 

1 *■ ox ■*- oy ex oy 

be denoted by 8 and 8' respectively. Then 

Y l = JSV - mVSJ, 
V\ = JS'V - mVS'J 

are invariants of index m + 2 ; they must satisfy the equations 

®i/= o = e s /= e 8 /= ®J. 

Hence 

J@SV = mV©8J, 

JeS'V = wV@3'J, 

are satisfied, for each of the operators ©, because J and V are themselves invariants. 
Now, actual substitution gives 

© X SJ = 3qJ, ©jg'J = 3q'J ; 

© 3 SJ = — SpJ, © 2 S'J = — 3p'J ; 

© 3 SJ = 0, © 3 S'J =; ; 

© 4 SJ = 0, ©,,8'J = ; 

and therefore 



©jSV = 3qYm, 


©^'V = 3q'Ym ; 


© 3 8V = — 3pYm, 


© 3 S'V = — 3p'Ym ; 


© 3 8V = 0, 


© S 8'V = ; 


© 4 SV == 0, 


© 4 S'V == 0. 



Now, since 



and 



n ,^ T , „ av av 

3V 3V 

•FT = s'e, 3 - - p-e, I- 



it follows from the first pair of equations that 

p 2 
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Similarly, from the second pair 



from the third pair 



and from the fourth pair 



e 



ay _ 

1 dx 

av 

»! .- = 



3mV 



> 



^ 



e 



// 



av 

s 3a; 



© 



2 



3V 
3?/ 







3mV 



«.; 



J 



dV 



m* 



' 3 a# 



© 



3 



av 



av 





~a 



av ^ 
ay _ av 

l< 3?/ dx 



© 



And the general laws, of which these are particular examples, and which can be 
established by means of the successive educts of the invariant "V, are 



© 



a^v 



© 



1 dx?dy*~* 

a«v 



s (3m + n — l) ~ — 7^~ 



a^-iy 



© 



dx n ~ s dy s 



s (3m + ?i — 1W ~ , 



a»v 



r * 



© 



3 Baf dy 



n — r 



r 



dx r - l dy n ~ r+l 

a»v 



4 a^--* 



%*• 3^j»— f+i g^f— i 



From these the effect on V of any combinations in any order of the operators 
d/dx, d/dy } © 1? © 2 , © 3 , © 4 , can be deduced. 

31. The following is another application of the theory of eduction. The index of 
TJ a (§ 16) is 6, so that U 3 U "^ 3 is an absolute invariant, and therefore 



8 i4.)U,U -» 



is an invariant, say 



J- dx ^ dy 



V = Yn SUo - 3U, 8Un. 



^^2 



2 u ^0' 
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Now the quantities U are expressed in terms of the quantities A ; and from the 
values of those quantities it at once follows that 

8 A„ = A« + 1 + (qr - sp) ~ + (qs - tp) -£ 



— A -IT • 

and therefore in particular 



Hence 



and therefore 



oA x == A 3 — -fJ 0l? 

£A — A IT 

0±L 2 — J\.§ 2° 02* 

SU 3 = 8 ( A A 3 - A x ») 

= A A 3 A X A 2 gA J 02 + A 1 J 01 ; 
v = A A 3 — 4A A-|A2 4" 3A X — -JA s Jo2 -f- AqA^qj, 



an invariant proper to the rank 5. But 

U 3 = A A 3 3- A A]iA2 i — 9- A j 
is an invariant proper to the rank 5 ; hence 

7-V-TT -lA 3 -^-A A A -IA 3 T 4~ A A T 



01 



is an invariant, and it is evidently proper to the rank 4. It must, therefore, be 
expressible in terms of the irreducible invariants within the rank 4 given by 
u & Q5? Q6> Qt> Q9? • • • > Qis- The verification of this inference is as follows. 
32. We have 

C^ 13 = %P 13 — x 8 ; 

when the values of P 13 and of P 8 — viz, : 

1 1 

— ('^% 13 + Uu^Uz + 3 6t^%) and - (t^ + 6^ 4 ) 

respectively-are substituted, we at once have 

Q ]3 = t^ 13 ^g 

= A A 2 — (— -A-i) = A A 2 — A l , 
thus identifying Q 1S with U 2 * 
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Again, we have 

Q 13 = 18<P 12 + 3 % P 8 P 13 + 81<P 6 - 2P 8 3 
= 3%X + 81<P 6 - 2P 8 3 ; 

so that X, denoting 6^ 4 2 P 12 + P 8 P 13? includes all terms proper to the rank 4. When 
we substitute for P 8 , P 12 , aDd P 13 their values we have 

X = ~ZT ( u i u n + 9«i« 3 % — 12m 3 3 — |%« 8 ) + -A (%%is + 12^%?^ + 36tt 3 %) 
___ 63% 13 + v s u ls v , 

where 



X 7 = : ^~ (Suju^ - 4t/, 3 3 - |^ 8 ) + -^ (^ 3 ^ 8 + 3t%% 4 ). 



W ]g - 7/ a 



Now, for the first part of X we have 



— ■ = Vi8 + ~ K*ia + t^) ; 



and 



%^12 T" ^3^18 — ¥ * 






the former of the two last lines being obtained partly from the forms of % and u n 
and partly because u^ and u 13 are homogeneous in p and q. Hence 

A. = X + ll s llis + 47 W^Joa 
~— Y' _ A A —SAT 

and X' includes terms of rank not greater than 3. It thus appears that the aggregate 
of the terms proper to the rank 4 are functionally the same in Z as in Q 12 ; and we 
have 

O 3Z V 3 A 3 

_*1? 2lfi — Y 7 J- 97*?/ 3 P — -2 "18_. _ 7 ±L _ 3 A 1 



P 3 ^3 

X' + 27^ 4 °P 6 — f — + I ~- + f u s J 0l . 



Now, from § 13 we have 



^i 



and from the values of P 7 and P e it follows that 



8 

6uoU 



U/Q — — X 



3^4 



8 _^ 8 



,, _ „ p I S _i_ 2u i 



^ u x 
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Substituting now in X', in J 01 , and for u s the values as given for u 7 and u s in the 
last two equations (so as to express all the aggregates of coefficients proper to the 
rank 3 in terms of P 6 , P 7 , P 8 and to leave the residue of terms — if there be such a 
residue — as a function of u l9 u. 29 u S9 %) and gathering together like terms, we find 



X + 27%°r 6 3 |- 6 + 2"%Jqi 



u A 



Po 3 



u A 



27VP 6 + i 7 ^ + 9^P 7 P 8 



2% * 



Hence we have 



^ — : 9 Ml2 "" 3 *%6 J 



and it follows that *Ae first educt of U 3 (== Q 13 ) wAew reduced by means of U 3 is 
functionally equivalent to the invariant Q 13 . 

33. In the preceding investigation the Jacobian of the function A and any other- 
function A m of the series in § 16 entered. The following formulae, interesting in 
themselves, are of use in a verification that Z actually satisfies all the differential 
equations which are characteristic of an invariant : — 



For m > 2, 



and, for m = 2, 



and, for m > 2, 



and, for m = 2, 



3A 



»i — 2 



1 3p 

A 8A 



= m (m — 1) q — : ~ 



3A 



rp 
m(m — l)(q ^ + A^_ 3 



3<7 



>*; 






1 3p 

A ^ 

1 ^ 
CA. W _2 

dq 

* Ao 

(jjtXn 

2 a? 



= — 2<2 



= 2p 3 



2 



= — m (m 



!) b -^T 1 + ^-3 



\ *\ 



k 2 



= — m (m — 1) ^> 



= 2p5 



3p 

a? 



r 



= - 2p 



2 



and, for all values of m, 
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A.: 



r)A 



3 dp 



= 



1 



A, 



8A 



m - 2 



dq 



3A, 



ill -- 



C/A W j_g 

Ai 3, 



uA. M _ 3 

3? 



! 



^ 
■^ 



> • 



o 



From these it follows that, if neither I nor m be zero, 



3AA^ 



A 1 J,,»= (* + !)(?+ 2)^-!,.- A,_ 1 -~j + (m+l)(m + 2)^J,,,,_ 1 + A»_ 1 -^j 

= -(Hl)(H2)(pJM,» + A M ^)-(m+l)(m+2)( i ^_ 1 -A, J _ 1 | , )' ; 



A$J *, « 
A s J /, m 

and 



= AJ, 



4" /, w 



3A, 



AiJ ,«= - 2g (m + 2) A m + (m + 2) (m + 1) UJ^-i + ^A 



\ 



3p 



m — 1 



1 



A 2 J , 
AJ 



m 






>• 



3^ 0, 771 



— A 4 J 0j m 



Connexion 'with Theory of Binary Forms. 

34. In connexion with the fact (§15) that the irreducible invariants proper to the 
rank 3 are expressible in terms of the simultaneous concomitants of A and A 1? viewed 
as binary forms (quadratic and cubic) in q and — p as variables, it is important to 
remark that the equations A$f= and A 4t /*— are in fact the differential equations 
satisfied by all concomitants of binary forms which have q and — p for their variables, 
and have 

r, $, t ; 

a, b, c, d ; 

e, /, g, h 9 i; 



for their coefficients, that is, of A , A^ A 2 , . . . , viewed as binary forms. Each form 
of a concomitant-system satisfies the differential equations characteristic of its con- 
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comitants ; and it thus appears how A , A x , A 3 , . . . are (§§ 9, 16) simultaneous solutions 
of the two characteristic equations in question. Moreover, since the Jacobian of two 
binary forms occurs in their concomitant-system, and therefore satisfies the charac- 
teristic equations, it is now evident that the quantities denoted by J/ m being 

3Az 8A m 3Az 3A 



m ^-*-m WXi #j 



dp dq dq dp 

must satisfy the equations A 3t / = = A^f. 

Hence, it appears that one method of obtaining the irreducible invariants, which 
are proper to the rank n and are additional to those proper to ranks less than n 9 is as 
follows : — (1) to obtain the concomitants of A w _ 3 , and the simultaneous concomitants 
of A^_ 3 , and of the concomitant-system of A^_ 3 , A^_ 4 , . . . , A l5 A , viewed as binary 
forms ; (2) to frame the combinations of these concomitants which will satisfy the 
remaining characteristic equations A l f= = A 2 /; (3) to select from among these 
combinations such as are, from the supposed known algebraical relations among the 
concomitants, found to be irreducible. 

35. Again, in the case of binary forms in two systems of variables, q and — p > 
q and — p\ and with coefficients 

r 9 s 9 t 9 r 9 s , t 

a, b 9 c, d 9 a, ?/, c 9 d! 9 



the characteristic equations satisfied by their simultaneous concomitants are of the 

form 

( A 3 + A' 3 ) </, = = ( A, + A' 4 ) i/,/ 
that is, 

© 3 ^ = = ® 4 ^. 

And every solution of these equations, with proper limitations as to degree and grade, 
is a concomitant. Hence, every functional invariant of the two dependent variables 
z and z already considered can be expressed in terms of simultaneous concomitants of 
the set of quantities A , A' ; A l9 A\ ; . . . , viewed as binary forms in variables 
q and — p 9 q and — p. 

Thus, for example, we have seen the simultaneous functional invariants, proper to 
the rank 2, are five in number, and they are — one, J, being the covariant pq — pq in 
the variables alone ; two, A and A' , being the quadratic forms ; and two, ^fc and &' , 
which can be exhibited in the respective forms 



and 
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which are combinations of polar emanants of A and A' , the fundamental quadratic 
forms, And, from the note to § 24, it follows that they can also be represented in the 

forms 

, d , ,3 , , 3 , ,3 , ±f 3 

dq 



v ^ + p'tb + r 't + s 'k + t '^)K 



dp 



IT 



dt. 



and also in the forms 






iSii + p- 



V S 2 



3p 



+ »"' 51 + *' 51 + *'5l) Ao. 



3r 



3s 



- AY 



36. Returning now to the functional invariants of only a single dependent variable, 
we have seen that they are combinations of the simultaneous covariants of A , A l5 
A 2 , . . . , considered as binary forms in q and — p ; and all these simultaneous 
covariants satisfy the equations A 3t /*= 0, and must, therefore, be expressible in terms 
of u 1} %i v . . . , ?/ 5 , . . . , u Q , . . . . The actual expressions maybe obtained as follows: — 

From the values of the quantities u we have 



t Uq 9 



< 



u Y s = 

2™ 



I ufr 
d 



< 






^3 + BHk 

u^ + 2pw 3 + phi 2 ; 

— Uq + pUr Q , 



V. 



t^a = — u s + 3pw 7 — 3p 2 % + j? 3 ^ ; 

• .... 






<9 
ufe 



= u 



13 



4„ 



4p^ 12 + 6pXi - 4p% + ^ % io ; 



and so on. It thus appears that any differential coefficient of z, when multiplied by 
a power of u x equal to the aggrade of the differential coefficient, is linearly expressible 
in terms of the quantities %i proper to its rank, the coefficients of these quantities u 
in the expression being powers of u. 

But in the case of the function A^_ 2 , which is 



\Zn t 0? ^-i, 1? ^-2,2? • • *X2> P) u > 
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• • • 



the weights of its concomitants are estimated by assigning to z w>0 , 'z n ^ h - l9 z n -%%i 
the weights 0, 1, 2, . . . in succession, that is, the integers which represent the y-grade 
of these coefficients z n ^ 9% * 

If we have a covariant W of order m which is simultaneous to A w _ 3 , A»/_ a , A^_ 2 , 
. . . , and of degrees I, V 9 I" 9 ... in their respective coefficients, and its leading term 
be C q m 9 then the weight of C is 

\ (nl +*n'l' + n'T + . . . — m), 

which is, therefore, the number representing the y-grade of C , considered as the 
leading term of a functional invariant. Since the grade of each of the coefficients 
of A^_ 2 is n, it follows that the grade of O , so far as it involves the coefficients of 
A^__ 3 is ln 9 and, therefore, the grade of C is, in the aggregate, 

nl + nl' + n"l" + . . . . 

But the aggregate grade of C is the sum of the aggrade and the y-grade ; hence, the 

#-grade of C is 

^ (nl + n'V + n'T + . . . + m). 

In order, then, to express W in terms of the quantities u 9 we should proceed to 
substitute for the coefficients r, s, t, . . . the values above obtained, and assuming 

^ — C q m — Citp-t-p + . . • , 

it is evident that the only term in SP from which terms independent of p can come is 
the first term. Moreover, since M> is expressible as a function of the quantities 
u alone, it follows that when these substitutions are carried out the terms involving 
p must disappear, for p is the only non-tt quantity which enters into the expressions 
substituted ; and the value of M* is, therefore, the aggregate of terms which survive, 
that is, the aggregate of terms independent of p arising from C q m > 

Now, in C this aggregate is obtained by replacing a coefficient, z Mi U9 by a quantity 
± u u{~ m ; since C is isobaric qua seminvariant, it is of uniform #-grade qua part 
of functional invariant ; and therefore the result of these substitutions is to give a 
function of u% 9 u% 9 u^ . . . , divided by a power of u x equal to the cc-grade of C , that 
is, divided by 

q, I (nl + n'V + n"l" + . . . + to) 

If, then, r denote this function of u% 9 %, u^ . . . , we have 

SU — — ni m n. — Knl + n' I' + n" I" + . . . +m) 

or 

n, khil + n'H + n"l" + . • • —m) \fr == p 

Q 2 
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37. Hence we have the following theorem : 

To express any simultaneous concomitant "9 of 

(r, s, tXq, - p)\ 
(a, 6, c, dXq, — p)\ 
(e,f, k, h, iXq, ~ pf, 

in terms of the quantities u l9 u 2 , u s , u ¥ . . . , which are the irreducible solutions of 
A B f= 0, the equation characteristic of all these concomitants , it is sufficient to take the 
coefficient C of the highest 'power of q in % to construct a new function r , ivhich is the 
same combination of the coefficients of 



K, % u&q, - p)\ 

(— u S9 u p — u 6> u 5 Xq> — pf, 

as C ts o/^e coefficients of the binary quantics, and to divide T by U -f (fa +n'i , +n"i"+ . , . -^ 
wftere w is the degree of W in q and — - p, and l 9 1\ V\ . . . are the degrees of C in the 
coefficients of ' A„_ 3 , A ? ,/_ 3) A*,/_ g , . . . respectively. 

The theorem is illustrated by one or two examples which have already occurred in 
the reduction of Q 5 , Q 6 , Q 7 . Thus, for H = rt — s%, we have only one quantic entering 
into its composition, viz., A ; so that n = 2, I = 2 ; V = = I" . . . , and m = 
hence, 

U]* ' ^ * ' XXq = t^ 11% — 1^3 , 

that is, 



H = (% ^ 3 — % 2 ) ^ 



-2 



x\ p* am 



- T2 H 01 = r (pd - qc) ~- 2,9 (pc - qb) + t (pb - gra) 
= q (— cr + 2bs — at) + p (dr — 2cs + bt) ; 



so that two quantics enter. Thus, we have, for H 01 , 

n — 2, Z = 1 ; 

^ = 3, z'=i ; z" = r = . .. =0; 

m = 1. 

Hence 



w 4 m 6 + 2%% + %^8 



as before ; and so for others. 
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38. We might, if we pleased, carry the theorem further, for every simultaneous con- 
comitant satisfies the two characteristic equations A 3 y= 0, A 4t / , = 0, and is therefore 
expressible in terms of the simultaneous irreducible solutions of these two equations. 
Such irreducible solutions are necessarily functional combinations of u x , %, u 3 , . . . 
such as satisfy A 4 /= ; and, as in the earlier cases of §§ 14, 17, it is easy to show 
that these irreducible solutions within the rank three are equivalent to the set 

U 4> — A > 

\U^U^ U§ )Uj = ri , 

(u^u 7 + u%u 8 ) %i{^ 1 = J 01 , (dropping a factor 6) 
(u Q u 8 — Urf) ^ 1 ~ s = H 1? 

which are /, A/y, <£, #, A, Q respectively in Gokdaist's notation. Thus, every simul- 
taneous concomitant within the rank three can be expressed algebraically — though 
not necessarily rationally—in terms of these six quantities. 

The actual expression can be obtained by a development of the method adopted in 
the preceding theorem. It is first necessary to replace the co variant by its value in 
terms of u l9 %, t%, . . . ; then to substitute by means of the equations 

u& = Aq, 
U%U^ = U§ -f- Ui -0-0) 

*WV = WiWQ + K J oi + % A i) 3 + WHi (Voi + « 8 Ai), 

for % %, w 5 , t£ 6 , ^ 7? t£ 8 . The result, we know, must appear as a function of A , H , A 1? 
J 01 , H l3 Q ; and, therefore, the terms involving u% will disappear, and the factors u x 
will cancel. 

For example, in the case of H 01 , .= p (Gokdan) = L } (Salmon), we have, dropping 
the factor 12 and using L l3 which is | H 01 , 

u^In = — %% — 2u$u 7 — u^Uq 

= ^ K» + «i 2 H ) ~ 2 |» (Voi + *%A + a ^ WW + W« + ^i) 2 l 

/A A T 2 \ 

so that 



-"i-^-o-^-i — ^iHo + A H 1 + J 01 *, 
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Similarly for others of the simultaneous concomitants of A and A P And it is not 
difficult to show that all functional invariants within the rank 4, or, what is the equi- 
valent, all the simultaneous concomitants of A , A 1? A 2 , considered as three binary 
forms, can be expressed in terms of the foregoing six quantities A , H , A x , J 01 , H x , Q, 
and the succeeding five, viz. : — 

^13 = A 2 , 

(^10^13 "" 3^11^12^13 4" % U W ) u \~ = ^2> 
(^9^13 ~~ ^10^12 + 3U X1 ) Wj J = I 3 . 

Inferences can also be deduced as to the expressibility of the simultaneous concomi- 
tants of A and A 2 alone as simultaneous quantics, and of the simultaneous concomi- 
tants of A x and A 3 alone, as simultaneous concomitants ; but all such results are 
chiefly interesting from the point of view of the theory of binary forms, and are more 
useful in that theory than in the theorv of functional invariants. 



